Introduction
The local Langlands conjecture for a reductive group G over a p-adic field F has held a central role in the study of number theory since its initial development by R. Langlands . While the precise formulation of these conjectures for the group G = GL n,F is classical (e.g. see [HT01] and [Hen00] ), such statements for general G, and especially for G which are not quasi-split, have only gradually been made precise over recent years (e.g. see [Kal16a] and the references therein). Such statements often list desiderata that the local Langlands conjecture for G is expected to satisfy but generally make no claim that these properties uniquely characterize the correspondence.
In the case of G = GL n,F such characterizations classically employ the theory of L-functions and ǫ-factors. For other classical groups G, Arthur realized that one can often use the theory of standard and twisted endoscopy to relate the local Langlands conjecture for G and the local Langlands conjecture for GL n,F , thus reducing the characterization problem for G to the case of GL n,F . This was carried out for quasi-split symplectic and orthogonal groups in [Art13] and for quasi-split unitary groups in [Mok15] . The non quasi-split unitary case was tackled in [KMSW14] .
In [Sch13b], Scholze gave an alternate characterization of the local Langlands conjecture for GL n,F . This characterization involves an explicit equation (called the Scholze-Shin equation(s) in the article below) which relates the local Langlands conjecture to certain geometrically defined functions f τ,h which are of geometric provenance. This characterization, unlike that appealing to the theory of L-functions and ǫ-factors, has the property that it is amenable to study for a general group G. Namely, the functions f τ,h as in [Sch13b] can be defined for a much wider class of groups than just GL n,F (e.g. see [Sch13a] and [You19] ) and thus one can ask whether analogues of Scholze's characterization of the local Langlands conjecture for GL n,F exist for other groups G.
The goal of this article can then be stated as giving an affirmative answer to this question for supercuspidal L-parameters (conjecturally the class of parameters whose packets consist entirely of supercuspidal representations). We show that a conjectural Langlands correspondence satisfying a certain list of desiderata including the Scholze-Shin equations is uniquely characterized by these conditions. Our method, as currently stated, cannot hope to handle all groups G but only groups satisfying a certain 'niceness' condition. For example, both unitary and odd special orthogonal groups are 'nice' whereas symplectic and even special orthogonal groups are not in general 'nice'.
Let F be a p-adic local field. Fix an algebraic closure F and let F un be the maximal unramified extension of F in F . Let L be the completion of F un and fix an algebraic closure L.
Let G be a connected reductive group over F . We denote by G(F ) reg the regular semisimple elements in G(F ) and by G(F ) ell the subset of elliptic regular semisimple elements. We denote by D, or D G , the discriminant map on G(F ). If γ, γ ′ ∈ G(F ) are stably conjugate we denote this by γ ∼ st γ ′ .
Let G be the connected Langlands dual group of G and let L G be the Weil group version of the L-group of G as defined in [Kot84b, §1]. We denote the set of irreducible smooth representations of G(F ) by Irr(G(F )) and by Irr sc (G(F )) the subset of supercuspidal representations. For a finite group C the notation Irr(C) means all irreducible C-valued representations of C.
A supercuspidal Langlands parameter is an L-parameter (see [Bor79, §8.2]) ψ : W F → L G such that the image of ψ is not contained in a proper Levi subgroup of L G. We say that supercuspidal parameters ψ and ψ ′ are equivalent if they are conjugate in G and denote this by ψ ∼ ψ ′ . Let C ψ be the centralizer of ψ(W F ) in G. Then by [Kot84b, §10.3.1], ψ is supercuspidal if and only if the identity component C
For ψ a supercuspidal parameter, we have
Indeed,
from where the equality follows. Define Z 1 (W F , G(L)) to be the set of continuous cocycles of W F valued in G(L) and let B(G) := H 1 (W F , G(L)) be the corresponding cohomology group. Let κ : B(G) → X * (Z( G) Γ F ) be the Kottwitz map as in [Kot97] .
An elliptic endoscopic datum of G (cf. [Kot84b, 7.3-7.4]) is a triple (H, s, η) of a quasisplit reductive group H, an element s ∈ Z( H) Γ F , and a homomorphism η : H → G. We require that η gives an isomorphism
that the G-conjugacy class of η is stable under the action of Γ F , and that
An extended elliptic endoscopic datum of G is a triple (H, s, L η) such that L η : L H → L G and (H, s, L η| H ) gives an elliptic endoscopic datum of G.
An extended elliptic hyperendoscopic datum is a sequence of tuples of data (H 1 , s 1 , L η 1 ), . . . , (H k , s k , L η k ) such that (H 1 , s 1 , L η 1 ) is an extended elliptic endoscopic datum of G, and for i > 1, the tuple (H i , s i , L η i ) is an extended elliptic endoscopic datum of H i−1 . An elliptic hyperendoscopic group of G is a quasisplit connected reductive group H k appearing in an extended elliptic hyperendoscopic datum for G as above.
Statement of main result
Throughout the rest of the paper we assume that our groups G satisfy the following assumption:
(Ext) For each elliptic hyperendoscopic group H of G and each elliptic endo-
For a discussion on the severity of this assumption see §6.2.
We now state the main result. Let us fix G * to be a quasi-split reductive group over F . We define a supercuspidal local Langlands correspondence for a group G * to be an assignment
for every elliptic hyperendoscopic group H of G * satisfying the following properties:
defined as follows:
(St) For all supercuspidal L-parameters ψ of H, the distribution
is stable and does not depend on the choice of w H .
(ECI) For all extended elliptic endoscopic data (H ′ , s, L η) for H and all h ∈ H (H(F )), suppose ψ H is a supercuspidal L-parameter of H that factors through L η by some parameter ψ H ′ . Then such a ψ H ′ must be supercuspidal and we assume it satisfies the endoscopic character identity:
the s-twisted character of ψ H .
Suppose now that z iso ∈ Z 1 (W F , G(L)) projecting to an element of B(G) bas . Let G be the inner form of G * corresponding to the projection of z iso to Z 1 (W F , Aut(G)(F )). We then define a supercuspidal local Langlands correspondence for the extended pure inner twist
to be a supercuspidal local Langlands correspondence for G * as well as a correspondence
satisfying
where Irr(C ψ , χ z iso ) denotes the set of equivalence classes of irreducible algebraic representations of C ψ with central character on Z( G) Γ F equal to χ z iso := κ(z iso ). This gives rise to a pairing
defined as π, s w G := tr(s | ι w G (π)).
(ECI')For all supercuspidal parameters ψ of G and all extended elliptic en-
where h ∈ H (G(F )) and SΘ ψ is independent of choice of Whittaker datum in (Bij').
For a supercuspidal local Langlands correspondence Π for (G, z iso ) we say that a subset of Irr(H(F )) of the form Π ψ (H) is a supercuspidal L-packet for Π H . We furthermore say that an element π of Irr(H(F )) is Π H -accessible if π is in a supercuspidal L-packet for Π H .
A priori, the above axioms (Dis), (Bij)-(Bij'),(St), and (ECI)-(ECI') are not enough to uniquely specify a supercuspidal local Langlands correspondence Π for G * even under the specification of the set of Π-accessible representations. The goal of our main theorem is to explain a sufficient extra condition which does uniquely specify a supercuspidal local Langlands correspondence.
In the statement of this condition we need to assume an extra property of G. Namely, we say that G * is good if for every elliptic hyperendoscopic group H of G * we have: 
Here r −µ is the representation of L H as defined in [Kot84a, (2.1.1) ].We say that G is good if G * is. We call a set S H as in assumption (Mu) sufficient. See §6.1 for a discussion of the severity of this assumption. To this end, let us define a Scholze-Shin datum {f µ τ,h } for G to consist of the following data for each elliptic hyperendoscopic group H of G: 
where χ µ := | · | − ρ,µ and ρ is the half-sum of the positive roots of H (for a representation V and character χ we denote by V (χ) the character twist of V by χ).
We then have the following result: 
Atomic stability of L-packets
Before we begin the proof of Theorem 3.1 in earnest, we first discuss the following extra assumption one might make on a supercuspidal local Langlands correspondence Π for the group G which, for this section, we assume is quasi-split. Namely, let us say that Π possesses atomic stability if the following condition holds:
(AS) If S = {π 1 , ..., π k } is a finite subset of Π-accessible elements of Irr sc (G(F )) and {a 1 , ..., a k } is a set of complex numbers such that Θ := k i=1 a i π i is a stable distribution, then there is a partition
(i.e. that a i is constant on Π ψ i (G)).
We then have the following result:
Proposition 4.1. Let Π be supercuspidal local Langlands correspondence for a group G. Then, Π automatically possesses atomic stability.
Proposition 4.1 will follow from the following a priori weaker proposition. To state it we make the following definitions. For supercuspidal L-parameters ψ 1 , . . . , ψ n we denote by D(ψ 1 , . . . , ψ n ) the C-span of the distributions Θ π for π ∈ Π G (ψ 1 ) ∪ · · · ∪ Π G (ψ n ) and let S(ψ 1 , . . . , ψ n ) be the subspace of stable distributions in D(ψ 1 , . . . , ψ n ).
Proposition 4.2. For any finite set of supercuspidal L-parameters {ψ 1 , . . . , ψ n } one has that {SΘ ψ 1 , . . . , SΘ ψn } is a basis for S(ψ 1 , . . . , ψ n ).
Let us note that this proposition actually implies Proposition 4.1. Indeed, since each π i ∈ S is accessible we know that we can enlarge S to be a union Π ψ 1 (G)⊔· · · ⊔Π ψn (G) of L-packets. Proposition 4.1 is then clear since every stable distribution in the span of S is contained in S(ψ 1 , . . . , ψ n ).
Before we proceed with the proof of Proposition 4.2 we establish some further notation and basic observations. For an π element of Irr sc (G(F )) we denote by f π the locally constant C-valued function on G(F ) reg given by the Harish-Chandra regularity theorem. We then obtain a linear map
given by linearly extending the association Θ π → f π | G(F ) ell . Here D(Irr sc (G(F ))) is the C-span of the distributions on H(G(F )) of the form Θ π for π ∈ Irr sc (G(F )). We also have averaging maps
given by
where γ ′ runs over representatives of the conjugacy classes of G(F ) stably equal to the conjugacy class of γ and n γ is the number of such classes (which is finite since F is a p-adic field). We then have the following well-known lemma concerning R: In addition, we have the following observation concerning the interaction between R and Avg, which follows from the well-known fact that Θ is stable implies that R(Θ) is stable:
Lemma 4.4. Let Θ ∈ D(Irr sc (G(F ))) be stable as a distribution. Then, Avg(R(Θ)) = R(Θ).
We may now proceed to the proof of Proposition 4.2:
Proof. (Proposition 4.2) By assumption (Bij), the set of virtual characters SΘ s ψ i , as s runs through representatives for the conjugacy classes in C ψ and i runs through {1, . . . , n}, is a basis of D(ψ 1 , . . . , ψ n ). It suffices to show this in the case when n = 1 in which case it is clear. Indeed, writing just ψ instead of ψ 1 , we see that it suffices to note that the matrix ( π, s ), where π runs through the elements of Π ψ (G), is unitary, and thus invertible, by the orthogonality of characters.
We next show that for any supercuspidal L-parameter ψ and any nontrivial s in C ψ we have that Avg(R(SΘ s ψ )) = 0. Indeed, we begin by observing that by [HS12, Lemma 6.20] we have that
where here γ ′ travels over the set of conjugacy classes of G(F ) stably equal to the conjugacy class of γ and, as in loc. cit., X(γ ′ ) is the set of conjugacy classes in H(F ) that transfer to γ, and ∆(γ H , γ ′ ) is the usual transfer factor, and D denotes the discriminant function.
Let us note that we can rewrite this sum as
because X(γ ′ )/ ∼ st is independent of the choice of γ ′ . Note that D G (γ ′ ) = D G (γ) for all γ ′ stably conjugate to γ (since D G (γ ′ ) is defined in terms of the characteristic polynomial of Ad(γ ′ )) and thus we can further rewrite this as
and so it suffices to show that this inner sum
gives a bijection between F -conjugacy classes in the stable conjugacy class of γ and K(I γ /F ) D . Hence
In particular, it suffices to show that s gives a nontrivial element of K(I γ /F ).
Since (H, s, η) is a nontrivial elliptic endoscopic datum and γ is elliptic, this follows from [Shi10, Lemma 2.8]. Now, since the set {SΘ ψ 1 , . . . , SΘ ψn } is independent (by assumption (Dis)) it suffices to show that this set generates S(ψ 1 , . . . , ψ n ). But, this is now clear since if Θ ∈ S(ψ 1 , . . . , ψ n ) then we know by Lemma 4.4 that Avg(R(Θ)) = R(Θ). On the other hand, writing
we see from the above discussion, as well as combining assumption (St) with Lemma 4.4, that
(identifying SΘ ψ i with SΘ e ψ i where e is the identity conjugacy class in C ψ ). The claim then follows from Lemma 4.3.
Proof of main result
Let us begin by explaining that it suffices to assume G is quasi-split. Indeed, note that the assumptions of Theorem 3.1 are also satisfied for (G, z iso ) equal to (G * , 1) and so, in particular, if we have proven the theorem in the case of (G * , 1) then we know that Π 1 G * = Π 2 G * . Now, let ψ be any supercuspidal L-parameter for G. By assumption (ECI') we have that so that |C ψ | = dim(ρ) 2 . But every irreducible representation ρ ′ of C ψ is isomorphic to an irreducible factor appearing with multiplicity dim(ρ ′ ) in the regular representation of C ψ , which has dimension |C ψ |. Hence ρ must be the unique irreducible representation of C ψ , which implies that ρ is isomorphic to the trivial representation, and hence that |C ψ | = 1 contrary to assumption.
We now explain the proof of Theorem 3.1 in general:
Examples and Discussion of Assumptions
In this section we discuss examples of groups and correspondences satisfying the assumptions (Mu), (Ext), and (SS). We also comment on some possible rephrasings and generalizations of this work.
Examples satisfying (Mu)
In this subsection we explain that several classes of classical groups satisfy assumption (Mu). In particular, we have the following: Proposition 6.1 ([GGP12, Theorem 8.1]). Let G be such that G * is one of the following: a general linear group, a unitary group, or an odd special orthogonal group. Then G satisfies assumption (Mu).
We record the following trivial observation: Lemma 6.2. Suppose that G 1 , . . . , G m are groups satisfying assumption (Mu), then G 1 × · · · × G m satisfies assumption (Mu).
We can then quickly explain the proof of Proposition 6.1:
Proof. By [GGP12, Theorem 8.1], we can recover ψ from r −µ • ψ in the case of GL n , U (n), SO 2n+1 where r −µ corresponds to the standard representation. However, to prove (Mu), one must also prove a result about recovering ψ from r −µ • ψ not only for G * but for all elliptic hyperendoscopic groups H of G * . We analyze this for each case.
• There are no nontrivial elliptic hyperendoscopic groups for GL n and so there is no difficulty in this case.
• The elliptic hyperendoscopic groups of unitary groups are products of unitary groups so we are done by Lemma 6.2.
• The elliptic hyperendoscopic groups of odd special orthogonal groups are products of odd special orthogonal groups so we are again done by 6.2.
Examples satisfying (Ext)
Since the elliptic endoscopic groups of symplectic and special orthogonal groups are products of groups of this type ([Wal10, §1.8]), it follows that symplectic and special orthogonal groups also satisfy (Ext).
One could likely remove the assumption (Ext) altogether at the cost of having to consider z-extensions of endoscopic groups (see [KS99] ) and perhaps slightly modify the statement of Theorem 3.1 to account for these extra groups.
Examples of Scholze-Shin datum
In this subsection we explain the origin of the Scholze-Shin datum and equations, explain the extent to which such datum and equations are thought to exist, and discuss known examples and expected examples.
In [Sch13a] , Scholze constructs functions f µ τ,h for certain unramified groups G and for certain cocharacters µ which together form a datum (G, µ) that one might call of 'PEL type'. In the second named author's thesis [You19] these functions and their basic properties were extended to a larger class of pairs (G, µ) which the author calls 'abelian type'. It seems plausible that functions f µ τ,h (and thus Scholze-Shin datum) can be constructed in essentially full generality using the ideas of [Sch13a] and [You19] Using the functions f µ τ,h constructed by the second named author in his thesis [You19] one can construct Scholze-Shin data for a wider class of groups including the groups G = U (n) * E/F where E/Q p is an unramified extension of Q p . In the article [BMY19] , the authors show that the Scholze-Shin conjectures hold true for such unitary groups (at least in the trivial endoscopic case which is all that is needed in this work) using the version of the local Langlands conjectures constructed by Mok in [Mok15] and for non-quasisplit unitary groups in [KMSW14] .
Discussion of Extended Pure Inner Twists
In this paper we have considered only G that arise as extended pure inner twists of G * (e.g. see [Kal16a] ). In general, the map
where Inn(G * ) := im[H 1 (F, G * ad (F )) → H 1 (F, Aut(G * )(F )] denotes the set of inner twists of G * , need not be surjective. However, when G * has connected center, this map will be surjective (see [Kal16a, pg.20] ). In general, one can likely consider all inner twists by adapting the arguments of this paper to the language of rigid inner twists as in [Kal16b] (cf. [Kal16a] ).
The characterization in the unitary case
Combining the discussion of §5.1- §5.3 and admitting the results of the preprint [BMY19] we see in particular the following:
